The issue on the effect of interactions in topological states concerns not only interacting topological phases but also novel symmetry-breaking phases and phase transitions. Here we study the interaction effect on Majorana zero modes (MZMs) bound to a square vortex lattice in two-dimensional (2D) topological superconductors. Under the neutrality condition, where single-body hybridization between MZMs is prohibited by an emergent symmetry, a minimal square-lattice model for MZMs can be faithfully mapped to a quantum spin model, which has no sign problem in the world-line quantum Monte Carlo simulation. Guided by an insight from a further duality mapping, we demonstrate that the interaction induces a Majorana stripe state, a gapped state spontaneously breaking lattice translational and rotational symmetries, as opposed to the previously conjectured topological quantum criticality. Away from neutrality, a mean-field theory suggests a quantum critical point induced by hybridization.
The issue on the effect of interactions in topological states concerns not only interacting topological phases but also novel symmetry-breaking phases and phase transitions. Here we study the interaction effect on Majorana zero modes (MZMs) bound to a square vortex lattice in two-dimensional (2D) topological superconductors. Under the neutrality condition, where single-body hybridization between MZMs is prohibited by an emergent symmetry, a minimal square-lattice model for MZMs can be faithfully mapped to a quantum spin model, which has no sign problem in the world-line quantum Monte Carlo simulation. Guided by an insight from a further duality mapping, we demonstrate that the interaction induces a Majorana stripe state, a gapped state spontaneously breaking lattice translational and rotational symmetries, as opposed to the previously conjectured topological quantum criticality. Away from neutrality, a mean-field theory suggests a quantum critical point induced by hybridization.
Topological states are currently the focus of intensive research [1] [2] [3] . In particular, bulk-boundary correspondence is a central guiding principle, which predicts low-energy modes at the interface between topologically distinct states. It also applies to topological defects (such as dislocations and superconducting vortices) in topological matter, because they can be regarded as generalized interfaces bordering on normal states [4] [5] [6] [7] [8] [9] [10] [11] . Of particular interest are Majorana zero modes (MZMs) at vortices in 2D topological superconductors. Besides exploring the potential of MZMs for quantum computation [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , the idea of designing lattices of Majorana fermions out of MZMs is fascinating in its own right, because the interaction between MZMs may lead to novel phases and critical phenomena [22] [23] [24] [25] [26] [27] [28] [29] [30] .
In this Rapid Communication, we study a square lattice of interacting MZMs, which may emerge at vortices in 2D topological superfluid and superconductor [31] [32] [33] [34] [35] [36] , as predicted for the A phase of 3 He and Sr 2 RuO 4 [37] [38] [39] . For definiteness, we consider a surface of a 3D strong topological insulator subject to superconducting proximity effect, as proposed by Fu and Kane [15] . The predicted surface state resembles a spinless p x ± ip y superconductor; see Refs. 40 and 41 for recent experimental progress. When an Abrikosov vortex lattice is induced by a magnetic field, MZMs are expected to emerge at vortices [5] , leading to a lattice of Majorana fermions at low energies. Here we assume additional conditions to stabilize a square vortex lattice such as strong fourfold lattice anisotropy, which is less common than a triangular lattice but possible (e.g., LuNi 2 B 2 C [42] ). We demonstrate that a faithful spin representation of a minimal interacting Hamiltonian for Majorana fermions can be derived in the square lattice under the neutrality condition, which furthermore allows for employing a quantum Monte Carlo (QMC) method [43] to investigate thermodynamic properties of very large lattices unbiasedly. We find a novel Majorana stripe phase and present a duality transformation elucidating the nature of this phase, which supersedes the previously proposed topological quantum criticality [25] . We then extend our analysis away from neutrality by a mean-field (MF) theory by including the nearest-neighbor hybridization, where we find a quantum critical point induced by Majorana hybridization, beyond which Majorana fermions have gapless dispersion. At the non-interacting level, the system is described in the long-wavelength limit by the Fu-Kane Hamiltonian [15] 
being the Nambu spinor of the electronic operatorsψ
where σ (τ) is the Pauli matrix in the spin (Nambu) basis, µ F is the chemical potential, ∆(r) is the proximity-induced pair potential, and v F is velocity of the surface Dirac mode when ∆ = 0. The distribution and structure of vortices are encoded in ∆(r). The neutrality condition corresponds to µ F = 0, which has a significant consequence on the emergent symmetry of the effective Hamiltonian [25, 26] . When satisfied, an artificial time-reversal symmetry Θ eff = σ x τ x K (K is the complex conjugation) with Θ 2 eff = 1 emerges in addition to the particlehole symmetry Ξ = σ y τ y K inherent to the Bogoliubov-de Gennes formalism. The consequence is that the vortex-bound MZM takes the form,γ =γ
, i.e., with the spin antiparallel to the magnetic field [26] . Becausê Θ effγΘ −1 eff =γ andΘ eff is antiunitary, single-body hybridization iγ rγr is prohibited between any pair of MZMs at r and r . For an interacting many-body system, this means that the neutrality condition corresponds to the strong-coupling limit for the Majorana modes.
Assuming the simplest, quartic local interaction of the vortex Majorana modes on the square lattice, we consider the following HamiltonianĤ =Ĥ g [25, 28] witĥ
whereγ r is the Majorana fermion operator at site r satisfyinĝ γ † r =γ r and {γ r ,γ r } = 2δ r,r and the summation runs over Fig. 1(a) ].
As the hybridization term allowed for µ F 0 [44] , we consider the following nearest-neighbor hybridization, discussed in, e.g., Refs. 25 and 34,
which has a uniform π flux per plaquette because of the underlying vortices. Equation (3) preserves the full symmetry of the square lattice (e.g., the translation in the b direction is accompanied by a gauge transformation). By continuity, we expect |t| |g| for small µ F . We assume g, t > 0 unless otherwise mentioned.
We start fromĤ =Ĥ g (2) . Assuming a periodic (open) boundary condition in the a (b) direction, we map it to a spin model by using a 2D Jordan-Wigner (JW) transformation. We define a complex fermionĉ r σ = 1 2 (γ r σ ,1 + iγ r σ ,2 ) by introducing an artificial (but arbitrary) pairing convention [ Fig. 1(b) ], where r σ is the position of a pair combiningγ r σ ,1 andγ r σ ,2 . Assuming the site-ordering ("column-major") index n CM (r σ ) in Fig. 1(b) , the transformation isĉ †
with r σ = r σ + 2b, where the number of pairs involved in the interaction is two and four, respectively [ Fig. 1(c) ]. The string factor does not appear in either case. We obtain
with J = P = g, which combines the Ising coupling J on the horizontal bonds and a transverse four-spin term P associated with plaquettes ( σ ) of σ spins [ Fig. 1(b) ]. In this representation (5), we can apply the world-line QMC method [43] to study the thermodynamic properties of MZMs without a negative sign problem. Specifically, we use the directed-loop algorithm [45, 46] in the σ x basis. To reduce finite-size effects, we use a trick of fictitious MZMs to simulate the lattice of Majorana fermions comprising an even number of plaquettes in the b direction [47] . We investigate the spin lattices of L × L up to L = 60, corresponding to L × (2L − 1) MZMs, significantly larger than the previous exact diagonalization (ED) study up to 4 × 15 MZMs [25] .
Figure 2(a) shows the specific heat C. In addition to the broad peak around temperature T ≈ g, it exhibits a sizedependent sharp anomaly at T/g ≈ 0.25, indicating a finitetemperature transition. This observation points to a symmetry breaking phase at low T , which contradicts with the previous ED study, where by introducing a two-site modulation in g [equivalent to making J P in Eq. (5)], it was suggested that the system becomes gapless when the original translational and rotational symmetries are recovered (i.e., J = P) [25] . To clarify the nature of the low-T state, we first note that the string operatorÔ spin h (y) = r x σσ x r σ =(r x σ ,y) is a conserved quantity for any horizontal ( a) chain, which flips σ z eigenvalues of all spins at r y σ = y. As known as a generalized Elitzur's theorem [48] , the corresponding gauge-like 1D symmetries reduce the effective dimensionality of the order parameter field σ z from 2D to 1D. Hence, the conservation ofÔ spin h (y) prohibits any kind of long-range order of σ z at T > 0; this 1D physics may explain the broad peak of C at high T , but not the transition itself.
To elucidate the nature of the low-T phase and the transition, we show thatĤ g,σ (hence,Ĥ g ) is dual to decoupled two copies of a square-lattice quantum compass model [47] . This model was investigated in depth in various contexts [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] , and the corresponding knowledge is very useful for understanding the nature of the low-T phase. Explicitly, we first define "τ spins" at the midpoint of every horizontal link. With the "row-major" site ordering n RM (r σ ) in Fig. 3(a) , the first transformation isτ
with r τ = r σ + a 2 , by which the J and P terms become an effective magnetic field and a four-spin interaction for τ spins, respectively. We find that the new four-spin interaction does not mix τ spins in even and odd columns, e.g.,σ
[ Fig. 3(d) ]. Consequently, the dual Hamiltonian is composed of decoupled even and odd components asĤ g,τ =Ĥ
T / g (b) 
To complete the mapping, we introduce "µ spins" at the midpoint of each vertical link (r τ , r τ + 2b) for τ spins, such thatμ
with r µ = r τ + b, whereñ CM (r τ ) is the column-major ordering for τ spins [ Fig. 3(b) ]. This preserves the decoupling ofĤ 
The total Hamiltonian isĤ g,µ =Ĥ e g,µ +Ĥ o g,µ . The most crucial input from the duality transformation is that the compass model with J = P = g is known to undergo a "nematic" transition in the Ising universality class at a finite temperature [50, 53, 54] . Below the critical temperature T = T c , the Z 2 spin-lattice reflection symmetry [x ↔ z (a ↔ b) in the spin (real) space] is spontaneously broken, while any spin-spin correlation function such as μ [49] . Back to the language of Majorana fermions, the even-odd decomposition (Ĥ g,µ =Ĥ e g,µ +Ĥ o g,µ ) corresponds to the geometrical checkerboard decomposition ofĤ g (2) . DefiningĤ g,µ (7) corresponds to a plaquette term that it graphically overlaps in the lattice, as illustrated in Fig. 4(a) . Hence, the nematic order quantified byD µ corresponds to a spontaneous energy density modulation associated with the plaquette interaction g. As shown in Fig. 4 the even-odd decoupling implies that the energy-density wave order emerges in the two sublattices A and B independently (Z 2 × Z 2 symmetry breaking), resulting in fourfold degenerate ground states modulo the aforementioned 1D symmetries.
We confirm this Majorana stripe order by evaluating the order parameter by QMC. Figure 2(b) shows |D σ | withD σ = N −1 r σD σ (r σ ), where the summation runs over either even or odd columns, N is a proper normalization [47] , and
is the order parameter in the σ-spin representation. We find that the temperature dependence of |D| is consistent with the transition into the Majorana stripe phase (the nonmonotonic Finally, we consider the effect of the nearest-neighbor hybridizationĤ t (3) on the Majorana stripe phase. The finitetemperature Ising transition implies a first-order transition line in the extended T -∆g phase diagram [ Fig. 5(a) ], where nonzero ∆g ≡ P− J explicitly breaks the translational symmetry [ Fig. 1(c) ]. Since the QMC method has the sign problem when applied toĤ =Ĥ g +Ĥ t , we employ the MF approximation in the Majorana representation to examine the discontinuous transition at T = 0. Figure 5(b) shows the order parameter D = D σ as a function of ∆g/g for t/g = 0.2, 0.8. For t/g = 0.2, D remains finite as ∆g → 0, and exhibits a jump upon changing the sign of ∆g, indicating that the discontinuous transition persists even in the presence of weak hybridization. This in turn implies that the finite-T transition remains stable for small t, although the induced coupling between the A and B subsystems may alter the universality class [61] . As t increases, the discontinuity at ∆g = 0, ∆D, is reduced and vanishes for t > t c ≈ 0.65g [ Fig. 5(d) ]. As shown in Fig. 5(c) , the MF band structure of Majorana fermions in the limit ∆g → 0 in the stripe phase (t < t c ) is gapped with the energy gap ε gap = g∆D [47] . This band structure is topologically trivial [47] . With increasing t, the gap reduces and vanishes for t ≥ t c , giving rise to a critical state with gapless Majorana fermions. Assuming that the critical temperature T c ≈ ε gap , our result suggests T c → 0 as t → t c . Our calculation thus points to the existence of a quantum critical point characterized by gapless Majorana fermion excitations for t ≥ t c . We note that the effect of including second-neighbor hybridization, which produces a gap in the excitation spectrum, was recently discussed [28] . In summary, the square-lattice Majorana HamiltonianĤ t + H g , which may have an experimental realization in the hybrid of a 3D strong topological insulator and a superconductor, induces a stripe order that spontaneously breaks the translational and rotational symmetries in the strong-coupling regime g t, as opposed to the previously conjectured topological quantum critical behavior [25] . Our large-scale QMC simulation as well as the duality mapping (via the JW transformation) provide a solid confirmation of this phenomenon. We note that Affleck et al. also investigated the same model recently from the weak-coupling side, suggesting that the quantum phase transition t = t c belongs to a supersymmetric universality class [28] . Our unbiased approach coming from the strong coupling is complementary to their weak-coupling analysis. In fact, t 0 lifts the 1D gauge-like symmetries, reducing the Majorana stripe state to the dimerized state found by Affleck et al. using a MF treatment similar to ours. We hope that our work will trigger an experimental effort in the search for intriguing phase transitions in the system of interacting Majorana modes, which may be synthesized on the surface of a 3D topological insulator as proposed recently [25, 26] .
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The commutations relations for µ spins can be verified in a similar way.
Trick of fictitious Majorana zero mode
Our derivation ofĤ g,σ in the main text assumes an even number of rows in the square lattice of Majorana fermions.
Because of the open boundary in the b direction, this means there are an odd number of plaquettes in this direction. However, since the low T phase spontaneously induces a modulation of energy density associated with the plaquette interaction g, a particular type of the modulation is favored in such a setup, even if there are an even number of plaquettes in the a direction. To avoid a resulting finite-size effect in the QMC simulation, we consider the lattice with an even number of plaquettes in the b direction, hence, an odd number of rows of Majorana fermions [ Fig. S1(a) ].
A faithful spin representation can be derived also in this case. To combine the Majorana fermions in pairs properly, we add an additional row of fictitious MZMs as shown in Fig. S1(b) . These fictitious modes are neither coupled to the rest of the system nor hybridizing within themselves. Therefore, they simply contribute to a constant to the free energy. We then apply the JW transformation in the same way as described in the main text. The only difference in the final form ofĤ g,σ is that the horizontal J coupling for σ spins in the top row of the lattice is absent in the present case [ Fig. S1(c) ], because it would correspond to an interaction involving the fictitious modes, which do not exist. Finally, Fig. S1(d) 
where L a and L b are the size of the lattice of σ spins in the horizontal and vertical directions, respectively, andD σ (r σ ) is given in Eq. (8) in the main text.
Mean field theory
Here we present the details of our zero-temperature MF calculation of the Majorana stripe phase. To consider the more general situations, we introduce two coupling constants g and g for plaquettes on the even and odd-numbered rows, respectively, of the square lattice (they correspond to P and J, respectively, in the main text). The difference ∆g ≡ g − g serves as a symmetry-breaking field. As a result of this explicit breaking of translation symmetry along the vertical di- 
where the previous notation ofγ r σ ,s (s = 1, 2) is used [see Fig. 1 (b) in the main text]. We also note that t 0 lifts the 1D gauge-like symmetries discussed in the main text. We first consider the most general MF decouplings of the quartic terms assuming no further breaking of the translation symmetry. Direct numerical calculation nonetheless shows that the diagonal term such as γ r σ ,1γr σ +a,2 vanishes in the self-consistent solution. We thus consider the following nonzero MF averages:
The resultant MF Hamiltonian iŝ 
where the constant term is N[g∆ 2 +g ∆ 2 −(g+g )δδ ]. The MF spectrum is obtained by solvingĤ MF self-consistently with Eqs. (S8a)-(S8d). We find the relation δ = −δ from our numerical solutions. Figure S2 shows the MF parameters as a function of the ratio g /g for two different hybridization constant t/g = 0.2 and t/g = 0.8. The stripe order parameter D defined in the main text is given by D = ∆ − ∆ . For the small hopping t/g = 0.2 [ Fig. S2(a) ], the stripe order D remains finite as the system approaches the symmetric limit g → g. This result indicates the existence of a zero-temperature first-order transition at ∆g = 0, discussed in the main text. As the hopping increases, the discontinuity in D at ∆g = 0 is also reduced and eventually vanishes when t > t c ≈ 0.65g.
We next perform the Fourier transformγ r σ ,s = (N/2) 
T and
where τ x,y,z are the Pauli matrices and we have used the relation δ = −δ we found numerically. The MF band structure of Majorana fermions is shown in Fig. S3 for various ratios of g /g with t/g = 0.1. Expressing H MF (k) = m=x,y,z a m (k)τ m , the eigenenergy of the MF Hamiltonian is given by ε ± k = ± a 2 x + a 2 y + a 2 z , and always appears in ± pairs. The energy gap for t < t c corresponds to the minimum of ε gap = min(ε + k − ε − k ) occurs at k = (0, 0), (π, 0), (0, π), and (π, π). In the symmetric point g = g , the spectral gap is related to the stripe order parameter
The energy gap as a function of the hybridization is shown in Fig. 5 of the main text. Importantly, the closing of the gap ε gap = 0 for t > t c gives rise to a critical state with low-energy gapless Majorana fermions; see Fig. S3 .
Starting from large hybridization for t > t c (focusing on the symmetric case g = g ), the Majorana stripe order occurs through a quantum phase transition that gaps out the Majorana nodal points upon reducing the hopping t. A natural question is whether the gapped MF band structure is topologically nontrivial. To answer this question, we compute the Chern number of the bands explicitly for t < t c . We first define a unit-length vector m(k) = [a z (k), a x (k), a y (k)]/ε For simplicity, we introduce coefficients C x,y,z such that m(k) = [C x sin k x , C y sin k y , C z cos k y ]/ε + k ; these coefficients can be easily obtained by comparing with Eq. (S10). In our case, the integrand m · ∂ k x m × ∂ k y m evaluates to C x C y C z cos k x /(ε + k ) 3 . Consequently, the Chern number is zero, indicating a topologically trivial gapped phase. This result can also be understood by noting that the m-vector maps the Brillouin zone to a unit sphere, and the Chern number is simply the winding number of this mapping. In the gapped phase (say C z = gD > 0), the neighborhood around the original Majorana nodes (0, 0) and (π, 0) is mapped to the north hemisphere, while that around the other two nodes is mapped to the south hemisphere; see Fig. S4 . Within each hemisphere, the winding number is determined by the in-plane vorticity of the two nodes. In our case, the two Majorana nodes within the same hemisphere have opposite vorticity ±1, hence the net winding number is zero.
